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Work Ifj
® [ isaconstant: Fy
W=F-l=Flcos® Fox Graph of force :
as a function |
® [fthe objectis traveling along a of position,, :
straight line: 3 [
X2 :
W= E.dx Frr |
x1 T I X

Which is also equal to the area 0 x 2

under the F, —x curve. 0 — X —

Some notice about the work:

® Work is a scalar, it can be positive or negative

® Ifmore than 1 force acts on the object, the total work equals the sum of the
work done by each individual force

W=f F"net-df=f (Fy+ By + - F) - di
l l

= [ Rdi [ Beaiee [ Beai=wirw,+eem,
l l l

Example: A 20-foot chain weighing 5 pounds per
foot is lying coiled on the ground. How much
work is required to raise one end of the chain to
a height of 20 feet so that it is fully extended, as
shown in the right figure.

Imagine that the chain is divided into small
sections, each of length dy. Then the weight of
each section is the increment of force

5 pounds

dF = (weight) = ( Foot

) length = 5dy

Because a typical section (initially on the

ground) is raised to a height of y, the increment
of work is

dW = (force increment)(distance) = dF(y) = 5ydy
Because yranges from 0 to 20, the total work is

20 5y2\*°  5(400)
W = f S5ydy = (—> = = 1000 (foot-pound)
0 0

2 2

Example: A quantity of gas with an
initial volume of 1 cubic foot and a

pressure of 500 pounds per square
foot expands to a volume of 2 cubic
feet. Assume that the pressure is

inversely proportional to the
volume. Find the work down by the
gas.
Pressure-volume: p =k/V = k =pV =500-1 =500
Volume-displacement: V = sx = dV = sdx
where sis the area of the cylinder
Fdx = psdx = pdV = (k/V)dV



Work and Energy ThF1&E 2 /12

V1 2
k 500 2
W = —dV = | ——dV = (500In|V])] = 346.6 (foot - pound)
vo V 1 v
Exercise 12: A Force of 750 pounds Natural length (+' = 0)
compresses a spring 3 inches from its natural j‘ AV AV/AN/AY AV AN AV &Y \ x

length of 15 inches. Find the work down in

Compressed 3 inches (F = 750)

compressing the spring an additional 3

inches.

By Hooke’s law: Compressed x inches (F = 250x)

F(x) =kx =
k = F/x =750/3 = 250 (pound/inch) o "JWWWMWLH !

The spring will be compressed from 3 inches to 6 inches

x2 6
W = F.dx = J (250x)dx = (125x%)§ = 3375 (pound - inch)
x1 3
Exercise 13: A rectangular tank I
with a base 4 feet by 5 feet and 1
a height of 4 feet is full of : [ E 4 ft

water. The water’s density is E T

p=62.4 pounds per cubic foot.

How much work is done in — 4

pumping water out over the - Sh =

top edge in order to empty half
of the tank?
Water’'s mass: m=pl, V=sx, s = 4-5 (square feet)

2 2 2 2 x2\?

Work: W=f Fdx =f mgdx =f dex=f psxdx = <ps—>

0 0 0 0 2/,
=624-4-5 -% = 2496 (feet - pound)

Work done by gravitational force near the surface of the Earth
For an object of mass m moves from p; to p, —
along path L.

F=-mgj hy

dl = dxi + dyj + dzk

AW =F -dl = —mgdy

=>W=fF-dl=f —-mgdy
ha hy

= —(mgh, —mgh,)

(b)
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Conservative force and potential energy {R<F J1F1E A8
For a conservative force:

w =fL Fedl= —(Ep(B) —Ep(A))

® [, isafunction only depend on the

Y
Path A

position of the object?
® [, hasthe unit of energy.
We denote the function E, as the
potential energy of the corresponding
conservative force F.
For each conservative force, there is
always a potential energy associated

with the force. O

Conservative force and potential energy

Work done by a spring:
For a spring of stiffness k stretches x from the original length

-
~

F = —kxi dl = dxi .
. S i R
dW = F -dl = —kxdx y _

» = 1
- |V = fﬁ'-dl =f —kxdx=—§kx2
L 0

Then we define elastic potential energy as: E,; = ikx2

Notation:  Eps, Us, PE;s

1
Work done by a spring: W, = —AE,; = —EkA(xz) .

Conservative force and potential energy

Ordinary reference points and expression of potential energies

» Gravitational potential energy near the surface of the Earth:
+ Reference point: Ground
* Expression: E,, = mgh

~ Gravitational potential energy far from the surlace of the Earth

*  Reference point: Infinity.

- ! M
* Expression: Epg = -{}'T

» Elastic potential energy of linear spring:
* Reference point: Natural length of the spring.

; 1
* Expression: £p; = Zkx? ‘
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Kinetic-Energy and the Work-Energy Theorem Ififit I8

Kinetic Energy

1

Ey, = ~mv?
k va

Work-Energy Theorem
Wiot = Ex2 — Ex1 = AEy
Work-energy theorem (Theorem of kinetic energy)

What does the work change the status of the object?
dw = F -dl
Recap: Newton’s second law:

F=mi == dW =F -dl=m—-dl =mi-dv
Related math equation: d(f-g')=df-g‘+f'd§

d(3-5) =5+ di + 5 dis = 25 - d?
=) mi-di=mvd
d( - 7) = d(v?) = 2vdv =

dW = mvdv

Work-energy theorem (Theorem of kinetic energy)

of time t by x = t3/2, then its kinetic energy is proportional to

(A) ¢

(B) t3/2

©t

(D) t1/2

(E) t° (i.e., kinetic energy is constant)

If a particle moves in such a way that its position x is described as a function

Work-Energy Theorem for a
Particle System
Considering a system consists of n r,
particles: work done on the i-th s
particleis W;

W; = AEy;

For all of the particles: Fis
S Yo & Xy

—T1
=W —|Wt e 1V o

Work done by Work done by
internal force external force
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Work-Energy Theorem for a particle system:

v
Work done by internal force: Bl M (o] -/
W = S W’ = - 'S' L I :_ = =1

& P e ——

' —_—

ZW!=Wf+W;=—f(S"'S)<O I =

Total work done by internal force in general case: ¥y ) [
AW = Fyydiy + Fyyudy L
= FMN (d7y — diy) T
= ﬁMN d(fy — Tr) i
0 5%

Conservation of Energy ¢ & <FE TR

Conservation of energy
Review the theorem of kinetic energy
Whee = AEy

If we sperate the work as work done by conservative rce plus the v
done by nonconservative force.

Whet = Wye + W, = AE,,

The work done by the nonconservative force act on an object equals to
the change in kinetic and potential energies.

Conservative force and potential energy
Relation between conservative force and potential energy
W= I F-dl = —(Ey(B) — Ep(A)) =p W = —AE,
L

Work done by the conservative force act on an object equals to the
negative value of change potential energy.

If the force is only along the x axis:

dE,

dW =F,-dx =—dE, = |F,=-—"
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Center of Mass Reference Frame Jfi/(»3 2% % (Optional)

Center of mass reference frame

Konig's theorem: The kinetic energy of a system of particles is the sum
of the kinetic energy associated to the movement of the center of mass
and the kinetic energy associated to the movement of the particles
relative to the center of mass.

n
1 1 .
By = EMvczm + Zimivi‘z
i=

Konig’s theorem is true no matter the center of mass reference frame is inertial
no not.

Center of mass

A uniform cup of mass M, height H, and cross sectional area Ais placedon a
horizontal surface. Liquid of density p is filled in the cup and the height of the
liquid in the cup is h. Ignore the thickness and mass of the bottom of the cup.
(a) Determine the location of the center of mass of the system.

(b) Determine the expression of h in terms of M, H, A, p and proper constant
when the location of the center of mass is lowest.

_ HM + pAh? i
oys = 2(M + pAh)

When the center of mass is lowest:

|
M2 _ Hih

Edays = o = MERpAHY S H N
dh pA |l

Center of mass

Try to czlculate the position of center of mass for a rod with length L and
linear density 4 = A4 where 4, is a proper constant,

: : [ xdm
i t : e
x coordinate of center of mass: x., J'dm
L Agl? k L2
jmnzjaumz= - dem=fin!2d!=—“
0 2 0 :
iL s ’ : ;
” Xem = Position is 2/3 to the end with less linear density
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Center of mass

A balloon of mass M is floating motionless in the air. A person of mass
less than M is on a rope ladder hanging from the balloon. The person

begins to climb the ladder at a uniform speed v relative to the ground.
How does the balloon move relative to the ground?

(A) Up with speed v
(B) Up with a speed less than v
(C) Down with speed v

(D) Down with a speed less than v
(E) The balloon does not move.
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Stability of Equilibrium J£#749% 14 (Optional)

1e syster ,,,nﬁwm.tu its original pn
neutral if there are no force tendtng

ﬂ"nlégf:ﬁlwn 1

1 Laen
i d

Property of equilibrium - stability
Neutral equilibrium : no force arises from a small
displacement of the object from equilibrium that Q
tends to drag it either backward, or away from, its original position.

Unstable equilibrium: the force that arise from a

small displacement of the object from equilibrium /'\
tend to push the object even farther away from its

equilibrium position

dZ
dz

Stable equilibrium: the force that arise from a

small displacement of the object from equilibrium \Q/
tend to dray the object even farther backward

toward its equilibrium position

P < 0 = local maximum of the potential energy

2
d2E,
dx?

< 0 = local minimum of the potential energy
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